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If Visas bspaceof

mathbbRwithorthonormal basis overrightarrowu1ldotsoverrightarrowun then

orthogonalprojection

praggammaleftoverrightarrowxrightoverrightarrowxleftoverrightarrowu1cdotoverrightarrowxrightoverrightarrowu1ldotsleftoverrightarrowumcdotoverrightarrowxrightoverrightarrowum
for all overrightarrowxinmathbbR n We'll usethis as partof theGram Schmidtprocess

Nowwe'redoing the Gram Schmidt process in a planeV sofar

westarted with any
basis leftoverrightarrowv1overrightarrowv2right Wesealed

overrightarrowv1 to unit length overrightarrowu

weset L line spanned boverrightarrowu1
V

7overrightarrowv2
beginmatrixoverrightarrowuendmatrix

overrightarrow0 L

Then we decomposed
overrightarrowv2 as

overrightarrowv2overrightarrowv2overrightarrowv2bot
where

overrightarrowv2 is parallel to L and
overrightarrowvibot is perpendicular to

L.thisistherectorwe're looking
fornow.namelyoverrightarrowvLprojLleftoverrightarrowv1right

leftoverrightarrowu1cdotoverrightarrowv2rightoverrightarrowu1
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V
wedgeoverrightarrowv2bot 7overrightarrowv2 overrightarrowv1 overrightarrowv2 are orthogonal

overrightarrowv2 is notnecessarilyequalto overrightarrowu1
We don't need that

overrightarrow0 overrightarrowu1 Loverrightharpoonv2

So overrightarrowvifrac1overrightarrowv2overrightarrowv2

overrightarrowv2leftoverrightarrowu1cdotoverrightarrowv2rightoverrightarrowu1
here's thecurrentpicture wewon'tneed

overrightarrowv2

V
wedgeoverrightarrowv2 7overrightarrowv2

overrightarrowobeginmatrixoverrightarrowuendmatrix L

Now scale
overrightarrowv2frac1 to gtoverrightarrowu2 perp.to

overrightarrowu1 since it's perp.to L

overrightarrowu1frac1leftoverrightarrowv2rightoverrightarrowv2frac1
leftoverrightarrowu1overrightarrowu2right are our orthonormal basis for V

ThenFor

a higher dim l vector space you keeprepeating this process

Gram Schmidt Process
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Start with any
basis leftoverrightarrowv1ldotsoverrightarrowvmrightcapVinmathbbRn

overrightarrowu1frac1leftoverrightarrowv1rightoverrightarrowv1
overrightarrowv2overrightarrowv2overrightarrowv2botrightarrowoverrightarrowv2botoverrightarrowv2leftoverrightarrowu1cdotoverrightarrowv2rightoverrightarrowu1

Notethis doesn't involve
overrightharpoonV3 getoverrightharpoonu2frac1leftoverrightharpoonv2frac1rightoverrightarrowv2frac1

Now let Lspanleftoverrightarrowu1overrightarrowu2right

overrightarrowv3projLleftoverrightarrowv3rightoverrightarrowv3frac1rightarrowoverrightarrowv3botoverrightarrowv3leftleftoverrightarrowu1cdotv3rightoverrightarrowu1leftoverrightarrowu2cdotv2rightoverrightarrowu2right
overrightarrowu3frac1leftv3rightoverrightarrowv3frac1

etc.Exlet Bleftleftbeginmatrix122endmatrixrightleftbeginmatrix123endmatrixrightleftbeginmatrix234endmatrixrightright
basisfor

mathbbR3
overrightarrowv1 overrightarrowV2 overrightarrowV3

Find an orthonormal basis leftoverrightarrowu1overrightarrowu2overrightarrowu3right for
mathbbR3 where overrightarrowu1 is a

scalarmultipleof
overrightarrowv1

overrightarrowu1frac1leftoverrightarrowv1rightoverrightarrowv1frac13overrightarrowv1leftbeginmatrixnicefrac13nicefrac23nicefrac23endmatrixright
overrightarrowv2botoverrightarrowv2leftoverrightarrowu1cdotoverrightarrowv2rightoverrightarrowu1

leftbeginmatrix123endmatrixrightleftleftbeginmatrix132323endmatrixrightcdotleftbeginmatrix123endmatrixrightrightleftbeginmatrix132323endmatrixright
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leftbeginmatrix123endmatrixrightleftfrac13frac43frac63rightleftbeginmatrix132323endmatrixrightleftbeginmatrix123endmatrixrightleftfrac113rightleftbeginmatrix132323endmatrixrightleftbeginmatrix123endmatrixrightleftbeginmatrix119229229endmatrixrightleftbeginmatrix294959endmatrixright

leftoverrightarrowv2frac1rightsqrt481nicefrac1681nicefrac2581sqrtfrac4581frac3sqrt59fracsqrt53

overrightarrowu2frac1leftoverrightarrowv2rightoverrightarrowv2leftbeginmatrixfrac29cdotfrac3sqrt5frac49cdotfrac3sqrt5frac59cdotfrac3sqrt5endmatrixrightleftbeginmatrix23sqrt543sqrt5frac53sqrt5endmatrixright

overrightarrowv3overrightarrowv3leftoverrightarrowu1cdotoverrightarrowv3rightoverrightarrowu1leftoverrightarrowu2cdotoverrightarrowv3rightoverrightarrowu2
k are toyonl

overrightarrowu3frac1frac1leftoverrightarrowV3rightoverrightarrowV3frac1
Ex find the change of basis matrix to go from BoverrightarrowV1overrightarrowV1overrightarrowV3 to

Cleftoverrightarrowu1overrightarrowu1overrightarrowu3right
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we did this when one of the bases was thestandard basis but the

general idea is the same SeeDef 4.3.3 which wedidn't cover

Note
overrightarrowv13overrightarrowu1
overrightarrowv2leftoverrightarrowv2cdotoverrightarrowu1rightoverrightarrowu1leftoverrightarrowv2cdotoverrightarrowu2rightoverrightarrowu2

leftleftbeginmatrix123endmatrixrightcdotleftbeginmatrix132323endmatrixrightrightleftbeginmatrix132323endmatrixrightleftleftbeginmatrix123endmatrixrightcdotleftbeginmatrix23sqrt543sqrt553sqrt5endmatrixrightrightleftbeginmatrix23sqrt543sqrt553sqrt5endmatrixright
frac113overrightarrowu1frac53sqrt5overrightarrowu2

overrightarrowv3leftoverrightarrowv3cdotoverrightarrowu1rightoverrightarrowu1leftoverrightarrowv3cdotoverrightarrowu2rightoverrightarrowu2leftoverrightarrowv3cdotoverrightarrowu2rightoverrightarrowu3
coverrightarrowu1doverrightarrowu2xoverrightarrowu3leftsayright

Ch of basismatrix

leftbeginmatrix3113c053sqrt5d00eendmatrixrightleftleftoverrightarrowv1righteleftleftoverrightarrowv2righterightleftoverrightarrowv3righteright


